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Abstract Using symbolic and algebra computation, the extended tanh-function method
(ETM) based on mapping method is further extended. The new variable separation solu-
tions of the (2+1)-dimensional asymmetric Nizhnik-Novikov-Veselov (ANNV) system are
derived.
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1 Introduction

In last two decades, increasing attention has been paid to the study of the solution theory in
many natural science such as chemistry, biology, mathematics, communication and particu-
larly in almost all branches of physics like the fluid dynamics, plasma physics, field theory,
nonlinear optics and condensed matter physics, etc. How to derive possible exact solutions
to a nonlinear model arising from the field of mathematical physics is a popular topic, but
solving nonlinear physics problems is much more difficult than solving the linear ones.

As one of the effective methods in linear physics, the variable separation approach (VSA)
has been successfully extended to nonlinear domains. The MLVSA has also been estab-
lished for various (2+1)-dimensional models [1]. Recently, along with linear variable sepa-
ration idea and using the extended tanh-function method (ETM) based on mapping method,
Zheng and some authors realized variable separation for some (2+1)-dimensional systems,
such as Broer-Kaup-Kupershmidt (BKK) system [2], Kortweg-de Vries (KdV) equation [3]
and asymmetric Nizhnik-Novikov-Veselov (NNV) system [4], etc. Moreover, some authors
[5, 6] successfully generalized ETM to the (1+1)-dimensional and (3+1)-dimensional non-
linear physical models. However, in fact, various solutions including solitary wave solutions,
periodic wave solutions and rational function solutions derived by ETM in [2–6], which
seem independent, depend on each other. This viewpoint has been proven in [7]. Then, by
the non-standard truncated expansion, Fang and his groups also generalized the ETM and
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obtained various so-called new symmetrical variable separation solutions for the (2+1)-
dimensional BKK [8], Boiti-Leon-Pempinelli (BLP) [9] and NNV [10] systems, etc. How-
ever, similarly to our report in [7], we have also proven in [11] that these so-called new
solutions in [8–10] also depend on each other and the effective solution is identical to the
universal formula in [1], which has been given in [7].

More recently, a mapping method [12] is used to realize variable separation of the (2+1)-
dimensional dispersive long wave equation (DLWE). We have also successfully generalized
the projective Riccati equation method (PREM) to derive variable separation solutions for
some (2+1)-dimensional systems [13, 14]. Moreover, with the help of q-deformed hyper-
bolic functions, we have also successfully obtained a new variable separation solution for
the (2+1)-dimensional Kortweg-de Vries (KdV) equation [15]. Now a natural and important
issue is whether we can derive new variable separation solutions via other direct methods.
Motivated by this question, we further extend the mapping method and obtain new variable
separation solutions of following (2+1)-dimensional asymmetric Nizhnik-Novikov-Veselov
(ANNV) system

ut + uxxx − 3(uv)x = 0, vy = ux. (1)

Equation (1) was first derived by Boiti et al. [16] using the weak Lax pair. In [17] and may
be considered as a model for an incompressible fluid where u and v are the components
of the (dimensionless) velocity [18]. The spectral transformation for this system has been
investigated in [16, 19]. This system has also been considered in [20] as a generalization to
(2+1)-dimensions of the results from Hirota and Satsuma [21]. Moreover, Hu et al. used
the Darboux transformations (DT) to find the variable separation solutions of this system
in [22].

The paper is organized as follows. In Sect. 2, the extended tanh-function method (ETM)
is reviewed, and the l-deformed functions are introduced. The variable separation solutions
of (2+1)-dimensional ANNV system are obtained in Sect. 3. A brief discussion and sum-
mary is given in the last section.

2 Further Extended Tanh-Function Method

In the following we would like to outline the main steps of our method:
For a given nonlinear partial differential equation (NPDE) with independent variables

x = (x0 = t, x1, x2, . . . , xm), and dependent variable u,

L(u,ut , uxi
, uxixj

, . . .) = 0, (2)

where L is in general a polynomial function of its argument, and the subscripts denote the
partial derivatives. One assumes that (2) possesses the following ansatz

u = a0(x) +
n∑

j=1

{
aj (x)φ[R(x)]j + bj (x)φ[R(x)]j−1

√
l1 + l2φ[R(x)]2

}
, (3)

with the Riccati equation

dφ

dR
= l1 + l2φ

2, (4)

where a0(x), aj (x), bj (x) and R(x) are arbitrary functions of x = (x0 = t, x1, x2, . . . , xm)

to be determined, l1 and l2 are two real constants, and n is fixed by balancing the linear term
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of the highest order with the nonlinear term in (2). To determine u explicitly, one may sub-
stitute (3) and (4) into the given NPDE, collect the coefficients of the polynomials in φ and√

l1 + l2φ[R(x)]2, then eliminate each coefficient to derive a set of partial differential equa-
tions of a0(x), aj (x), bj (x) and R(x), solve this system of partial differential equations to
obtain a0(x), aj (x), bj (x) and R(x). Finally, as (4) possesses the general solution (without
loss of generality, here we only consider the case of l1 > 0).

(i) When l1l2 = −1,

φ1 = l1 tanhl1(R), (5)

φ2 = l1 cothl1(R). (6)

(ii) When l1l2 = 1,

φ3 = l1 tanl1(R), (7)

φ4 = l1 cotl1(R). (8)

(iii) When l1 = 0,

φ5 = − 1

l2R
. (9)

Moreover, (4) has combined solutions:

(iv) When l1 = −l2 = 1
2 ,

φ6 = tanh(R) ± isech(R), (10)

φ7 = coth(R) ± csch(R). (11)

(v) When l1 = l2 = ± 1
2 ,

φ8 = tan(R) ± sec(R), (12)

φ9 = cot(R) ± csc(R). (13)

One substitutes a0(x), aj (x), bj (x), R(x) and (5–13) into (3), and obtains exact solutions
of the given NPDE in concern.

Functions in (5–8) are l-deformed functions [23], whose properties will be recalled, that
is,

sinhl (R) = eR − le−R

2
, coshl (R) = eR + le−R

2
,

tanhl (R) = sinhl (R)

coshl (R)
, sechl (R) = 1

coshl (R)
, R ∈ C.

(14)

It is straightforward to see that the following formulas hold,

(sinhl (R))′ = coshl (R), (coshl (R))′ = sinhl (R),

cosh2
l (R) − sinh2

l (R) = l, (tanhl (R))′ = lsech2
l (R),

(sechl (R))′ = − tanhl (R)sechl (R), tanh2
l (R) = 1 − lsech2

l (R).

(15)
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Correspondingly, we can define l-deformed triangular functions as follows:

sinl (R) = eiR − le−iR

2i
, cosl (R) = eiR + le−iR

2
,

tanl (R) = sinl (R)

cosl (R)
, secl (R) = 1

cosl (R)
.

(16)

They satisfy the following formulas:

(sinl (R))′ = cosl (R), (cosl (R))′ = − sinl (R),

(tanl (R))′ = lsec2
l (R), (secl (R))′ = tanl (R) secl (R),

cos2
l (R) + sin2

l (R) = l, 1 + tan2
l (R) = lsec2

l (R).

(17)

Remark 1 In [2–7], authors assume the ansatz of (2) has the form

u = a0(x) +
n∑

j=1

aj (x)φ(R(x))j ,

which is merely special case of our ansatz (3) when bj (x) = 0. Therefore, we can obtain
more new exact solutions of NPDE by the ansatz (3) in present paper.

Remark 2 The similar ansatz (3) has been introduced by Li et al. in [24], however, they
merely obtained the travelling solutions by this ansatz. Obviously, our ansatz (3) has more
universal form due to the arbitrary function R of x = (x0 = t, x1, x2, . . . , xm). Moreover, the
Ricatti equation in this paper has a more universal form than the one in [24].

3 Variable Separation Solutions for the (2+1)-Dimensional ANNV System

Now we apply the improved mapping method in Sect. 2 to the (2+1)-dimensional ANNV
system (1). By the balancing procedure, ansatz (3) becomes

u = a0 + a1φ(R) + b1

√
l1 + l2φ(R)2 + a2φ(R)2 + b2φ(R)

√
l1 + l2φ(R)2, (18)

v = c0 + c1φ(R) + d1

√
l1 + l2φ(R)2 + c2φ(R)2 + d2φ(R)

√
l1 + l2φ(R)2, (19)

where R ≡ R(x, y, t), ai ≡ ai(x, y, t), ci ≡ ci(x, y, t) (i = 0,1,2), bj ≡ bj (x, y, t), dj ≡
dj (x, y, t) (j = 1,2), and φ satisfies (4). Inserting (18) and (19) with (4) into (1), selecting
the variable separation ansatz

R = p(x, t) + q(y, t), (20)

and eliminating all the coefficients of polynomials of φ and
√

l1 + l2φ(R)2, one gets a set
of partial differential equations

−12a2c2pxl2 − 12b2d2pxl2
2 + 24a2px

3l2
3 = 0, (21)

6a1l2
3px

3 − 9b2pxd1l2
2 + 18a2,xpx

2l2
2 − 9b1d2pxl2

2 − 3a2c2,x − 3b2d2,x l2

−9a2c1pxl2 − 9a1c2pxl2 − 3a2,xc2 − 3b2,xd2l2 + 18a2pxpx,xl2
2 = 0, (22)
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−3b2,xd1l2 + 6a1,x l2
2px

2 − 3a2c1,x + 2a2l2qt + 6a1l2
2pxpx,x − 3a1,xc2

−6a2pxl2c0 − 12a2c2pxl1 − 3a1c2,x − 3b1,xd2l2 − 6b1d1l2
2px − 3b2d1,x l2

+2a2l2pt − 3a2,xc1 − 3b1d2,x l2 + 2a2px,x,x l2 − 18b2d2pxl1l2 + 40a2px
3l2

2l1

−6a1c1pxl2 + 6a2,xpx,x l2 + 6a2,x,xpxl2 − 6a0c2pxl2 = 0, (23)

a1px,x,x l2 + a1l2qt + 3a1,xpx,x l2 − 3b2,xd2l1 − 3b1d1,x l2 − 3b1,xd1l2 + a1l2pt

+3a1,x,xpxl2 − 3b2d2,x l1 − 3a1pxl2c0 − 9a1c2pxl1 − 3a0c1pxl2 − 9a2c1pxl1

+24a2,xpx
2l1l2 + 8a1l2

2px
3l1 − 3a2,xc0 − 3a1,xc1 − 3a0c2,x − 3a2c0,x

−3a0,xc2 − 3a1c1,x + a2,t + a2,x,x,x + 24a2pxpx,x l1l2 − 12b1d2pxl1l2

−12b2pxd1l1l2 = 0, (24)

−3a0,xc1 − 3a0c1,x + 2a2l1qt − 6a0c2pxl1 + 16a2px
3l2l1

2 + 2a2l1pt − 3a1c0,x

−6a1c1pxl1 + a1,t + a1,x,x,x − 6b2d2pxl1
2 + 6a1l2pxpx,xl1 − 3b2,xd1l1

+2a2px,x,x l1 + 6a2,x,xpxl1 − 3a1,xc0 − 6a2pxl1c0 − 3b1d2,x l1 − 3b2d1,x l1

−6b1d1l2pxl1 + 6a1,x l2px
2l1 + 6a2,xpx,x l1 − 3b1,xd2l1 = 0, (25)

3a1,xpx,x l1 + 6a2pxpx,x l1
2 − 3a0c0,x + a0,t + 3a1,x,xpxl1 + a1px,x,x l1 + a1l1qt

−3a0c1pxl1 + a0,x,x,x − 3a0,xc0 + 6a2,xpx
2l1

2 + 2a1l2px
3l1

2 − 3b1,xd1l1

−3b1d1,x l1 − 3b1d2pxl1
2 − 3b2pxd1l1

2 + a1l1pt − 3a1pxl1c0 = 0, (26)

−12b2c2pxl2 − 12a2d2l2px + 24b2l2
3px

3 = 0, (27)

−9a1d2l2px − 3a2d2,x + 18b2l2
2px,xpx − 9a2d1l2px − 3b2c2,x − 9b1c2pxl2

−3b2,xc2 − 9b2c1pxl2 + 18b2,x l2
2px

2 − 3a2,xd2 + 6b1l2
3px

3 = 0, (28)

−3b2c1,x − 6b2l2pxc0 − 3b1c2,x + 6b1,x l2
2px

2 + 2b2l2qt − 3a2,xd1 + 6b2,x,x l2px

−3a1d2,x − 9a2pxl1d2 − 3b1,xc2 + 6b1l2
2px,xpx − 3a1,xd2 + 28b2px

3l2
2l1

+2b2l2pt − 6a0d2l2px − 6a1d1l2px − 3b2,xc1 − 6b1c1pxl2 + 2b2l2px,x,x

+6b2,x l2px,x − 3a2d1,x − 9b2c2pxl1 = 0, (29)

−3a0d2,x + 15b2px,xl2pxl1 − 3a1,xd1 − 3b2c0,x − 3a1d1,x − 3a0,xd2 − 3b1l2pxc0

−6b1c2pxl1 + 5b1l2
2px

3l1 + 15b2,xpx
2l2l1 + b2,t − 6b2c1pxl1 − 3b2,xc0

−6a2pxl1d1 + 3b1,x l2px,x − 3a0d1l2px + b2,x,x,x + b1l2px,x,x − 6a1pxl1d2

+b1l2qt − 3b1,xc1 + 3b1,x,x l2px − 3b1c1,x + b1l2pt = 0, (30)

b1,t + b2pt l1 + b2px,x,x l1 − 3a0,xd1 − 3b1c1pxl1 − 3a1pxl1d1 + 3b2,xpx,x l1

−3b2pxc0l1 − 3a0d1,x + b1,x,x,x + 3b1,x l2px
2l1 + b2qt l1 + 3b2,x,xpxl1

−3b1,xc0 − 3b1c0,x + 5b2px
3l2l1

2 + 3b1l2pxpx,xl1 − 3a0d2pxl1 = 0, (31)

2c2qyl2 − 2a2pxl2 = 0, (32)

c2,y − a2,x + c1qyl2 − a1pxl2 = 0, (33)

2c2qyl1 + c1,y − 2a2pxl1 − a1,x = 0, (34)
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−a0,x + c1qyl1 − a1pxl1 + c0,y = 0, (35)

−2b2l2px + 2d2l2qy = 0, (36)

−b2,x + d2,y + d1l2qy − b1l2px = 0, (37)

d1,y − b2pxl1 + d2qyl1 − b1,x = 0. (38)

From (21), (27), (32) and (36), we have

c2 = l2
2px

2, a2 = l2
2pxqy, d2 = −l2

3/2px
2, b2 = −l2

3/2qypx. (39)

Substituting (39) into (22), (28), (33) and (37), yields

b1 = 0, a1 = 0, c1 = l2pxx, d1 = −√
l2pxx. (40)

Inserting (39) and (40) into (23) and (29), we obtain

a0 = l1l2pxqy, c0 = pxxx + 2 l1l2px
3 + pt + qt

3px

. (41)

Reducing (24–26), (30), (31), (34), (35) and (38) by using (39–41), we get

qty = 0, (42)

from which we can derive different types of solutions. Obviously, one of special solutions is

q(y, t) = F(y) + c(t), c ≡ c(t), F ≡ F(y). (43)

From above results, the variable separation solutions of the (2+1)-dimensional ANNV
system (1) possess the form

Family 1 For l1l2 = −1,

u1 = −pxFy + pxFy tanh2
l1
(p + F + c)

+ l1
√

l2pxFy tanhl1(p + F + c)sechl1(p + F + c), (44)

v1 = pt + pxxx + ct − 2p3
x

3px

− pxx tanhl1(p + F + c) − l1
√

l2pxxsechl1(p + F + c)

+p2
x tanh2

l1
(p + F + c) + l1

√
l2p

2
x tanhl1(p + F + c)sechl1(p + F + c), (45)

u2 = −pxFy + pxFy coth2
l1
(p + F + c)

+ il1
√

l2pxFy cothl1(p + F + c)cschl1(p + F + c), (46)

v2 = pt + pxxx + ct − 2p3
x

3px

− pxx cothl1(p + F + c) − il1
√

l2pxxcschl1(p + F + c)

+p2
x coth2

l1
(p + F + c) + il1

√
l2p

2
x cothl1(p + F + c)cschl1(p + F + c). (47)
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Family 2 For l1l2 = 1,

u3 = pxFy + pxFy tan2
l1
(p + F + c)

− l1
√

l2pxFy tanl1(p + F + c)secl1(p + F + c), (48)

v3 = pt + pxxx + ct + 2p3
x

3px

+ pxx tanl1(p + F + c) − l1
√

l2pxxsecl1(p + F + c)

+p2
x tan2

l1
(p + F + c) − l1

√
l2p

2
x tanl1(p + F + c)secl1(p + F + c), (49)

u4 = pxFy + pxFy cot2
l1
(p + F + c)

− l1
√

l2pxFy cotl1(p + F + c)cscl1(p + F + c), (50)

v4 = pt + pxxx + ct + 2p3
x

3px

+ pxx cotl1(p + F + c) − l1
√

l2pxxcscl1(p + F + c)

+p2
x cot2

l1
(p + F + c) − l1

√
l2p

2
x cotl1(p + F + c)cscl1(p + F + c). (51)

Family 3 For l1 = 0,

u5 = 2pxFy

(p + F + c)2
, (52)

v5 = pt + pxxx + ct

3px

− 2pxx

p + F + c
+ 2p2

x

(p + F + c)2
, (53)

where p is an arbitrary functions of {x, t}, c ≡ c(t) and F ≡ F(y).

In additions, if we let l1 = −l2 = 1
2 or l1 = l2 = ± 1

2 , we will obtain the combined solu-
tions of (1). Here, we cancel these cases for convenience.

Remark 3 It is necessary to point that all the exact solutions of the (2+1)-dimensional
ANNV system constructed in this paper have been checked by Maple software. Because the
mapping equation (4), we can not only get new l-deformed hyperbolic function solutions
and l-deformed triangular function solutions, but also get the combined exact solutions of
a class of NPDEs. To our knowledge, these solutions (43–51) have not been reported in
other literatures. All the solutions (namely (44–53) of the (2+1)-dimensional ANNV sys-
tem obtained in this paper include three independent variables p(x, t), c(t) and F(y). In
these solutions the arbitrary functions imply that (1) has abundant local physical structures.
Since these similar local physical structures have been widely discussed in some previous
literatures [1–14], the related plots are neglected in our present paper.

4 Summary and Discussion

In summary, the extended tanh-function method is improved to obtain variable separation
solutions of (2+1)-dimensional ANNV system, and some lower dimensional arbitrary func-
tions can be included in their exact solutions. Actually, our present short paper is merely
a beginning work, and we can obtain richer exact solutions by a more general ansatz of
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NPDE (2), which reads

u = a0(x) +
n∑

j=1

{
aj (x)φ[R(x)]j + bj (x)

φ[R(x)]j + cj (x)φ[R(x)]j−1
√

l1 + l2φ[R(x)]2

+ dj (x)

φ[R(x)]j−1
√

l1 + l2φ[R(x)]2

}
. (54)
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